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In  this  paper  we  study  the  existence  of  positive  solutions  of  semilinear 
elliptic  equations.  Various  possible  behaviors  of  the  nonlinearity  are  considered 
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SIGNIFICANCE  AND  EXPLANATION 


In  this  paper  semilinear  elliptic  equations  are  considered:  these  are 
Laplace  equations  perturbed  by  a  nonlinearity  depending  only  on  the  solution  u. 
This  type  of  problem  arises  in  many  situation  (theory  of  nonlinear  diffusion 
generated  by  nonlinear  sources,  theory  of  thermal  ignition  of  gases,  quantum  field 
theory,  theory  of  gravitational  equilibrium  of  stars,  population  genetics  ....). 
Since  the  solution  r  presents  a  temperature,  or  a  concentration ,  or  a  density  ... 
it  is  reasonable  to  restrict  our  attention  to  positive  solutions  of  such  equations. 
Here  wo  consider  all  possible  types  of  nonlinearities,  and  in  each  case  we  give 
nearly  optimal  existence  results.  These  results  are  also  explained  using  bifurca¬ 
tion  diagram  representing  the  set  of  possible  solutions. 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive  summary 
lies  with  MKC,  and  not  with  the  author  of  this  report. 


ON  THE  EXISTENCE  OF  POSITIVE  SOLUTIONS 
OF  SEMILINEAR  ELLIPTIC  EQUATIONS 

* 

P.  L.  Lions 

Introduction : 

The  goal  of  this  paper  is  to  give  a  survey  concerning  the  problem  of  the  existence  of 
positive  solutions  for  semilinear  elliptic  problems:  that  is,  we  consider  the  following 
problem 

2  - 

f  -Au  =  f(u)  in  il,  u  e  C  (fl) 

(0.1)  < 

c  u  >  0  in  52,  u  =  0  on  3E2  ; 

N 

where  0  is  a  bounded  regular  domain  in  1R  ,  and  f(t)  is  some  given  nonlinearity. 

We  study  all  the  possible  behaviors  of  f  and  prove  -  or  recall  when  these  results  are 
known  -  not  only  the  eventual  existence  of  a  solution  of  (0.1)  but  we  also  give  multiplicity 
results.  In  many  case,  we  consider  parametrized  versions  of  (0.1)  (take  X f ( u )  instead  of 
f(u)  in  (0.1)1,  and  we  give  "bifurcation  diagrams"  for  the  see  of  solutions  of  (0.1). 

Such  problems  arise  in  a  variety  of  situations  -  in  the  theory  of  nonlinear  diffusion 
generated  by  nonlinear  sources,  in  the  theory  of  thermal  ignition  of  gases,  (see 
D.  D.  Joseph  and  T.  S.  Lundgren  (36),  I.  M.  Gelfand  [31]),  in  quantum  field  theory  and  in 
mechanical  statistics  (see  W.  Strauss  [55],  Coleman,  Glazer  and  A.  Martin  [23],  H.  Berestycki 
and  P.  L.  Lions  [7]),  in  the  theory  of  gravitational  equilibrium  of  stars  (see  D.  D.  Joseph 
and  T.  S.  Lundgren  [36],  P.  L.  Lions  [42]). 

Our  main  tools  for  proving  existence  and  multiplicity  results  are  topological  decree 
arguments  (we  shall  also  use  variational  techniques  due  to  A.  Ambrosetti  and  P.  H.  Rabinowitz 
[4],  P.  H.  Rabinowitz  [52]);  we  also  refer  to  H.  Amann  [1],  [2]  for  multiplicity  results  which 

are  useful  in  the  context  of  (0.1). 

Of  course  the  existence  of  a  solution  (or  of  multiple  solutions)  depends  significantly 
on  the  assumptions  made  on  f:  wo  will  first  distinguish  between  two  cases,  the  case  when 
f(0)  ■  o  and  the  case  when  f ( 0 )  =  0. 

*  . 
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In  addition  in  these  two  cases  we  have  to  consider  different  possibilities  whether  f 


is  superlinear  or  sublinear  at  +«». 

The  plan  is  as  follows: 

I.  The  case  when  f(Q)  =0: 

1.1:  Superlinear  nonlinearities 
1-2:  Sublinear  nonlinearities 

II.  The  case  when  f(0)  >0: 

II. 1:  Superlinear  nonlinearities 
II. 2:  Sublinear  nonlinearities 

III.  The  shape  of  the  nonlinearity 
III-l:  Buckles  and  multiplicity  results 

III. 2:  Bumps  and  the  shape  of  the  nonlinearity 

IV.  Variants  and  open  questions: 

IV. 1:  Unbounded  domains 

IV. 2:  Open  questions 

We  would  I  ike  to  point  out  that  all  the  results  which  follow  can  be  extended  to  more 
neral  second-order  elliptice  operators  than  -A  and  that  nonlinearities  which  depend  on 
x(f(x#u))  may  be  treated  as  well,  together  with  different  boundary  conditions. 

Finally  in  this  paper  we  do  not  consider  the  question  of  asymptotically  linear  functions 
f  even  if  .some  of  the  techniques  described  below  give  results. 


\ 


I.  The  cz.se  when  f(Q)  =0 
I. I  Super linear  nonlinearities: 

In  all  that  follows,  we  will  assume  that  f  is  locally  Lipschitz  continuous  from  JR 
into  JR  and  in  this  section  we  assume  f(0)  =0.  By  superlinearity,  we  mean  the  following 
condition : 

< 1)  lim  f (t) t  *  >  , 

t-H-® 


where  is  the  first  eigenvalue  of  (-A)  with  Dirichlet  boundary  conditions. 

Our  first  existence  result  is  due  to  D.  G.  de  Figueiredo,  P.  L.  Lions  and  R.  D.  Nussbaum 

I29J #  [30J: 

Theorem  I  ■  1 :  Let  us  ussur.^  that  we  have  in  addition  to  (1)  : 

(2)  TTm  f (t) t_1  <  *  , 


(3) 


lim  f(t)u  *'  =  0,  with  <.  =  77-^  if  N  >  3,  l  <  ®  if  N  -  1,2 
-  N“2  —  — 

t  HU) 


and  either 

(4)  =■  !'  7,  such  that  if  y  is  closed  and  there  exists  a  >  0  such  that  at  all 

points  of  r  all  the  sectional  curvatures  of  3'.i  are  bounded  below  by  a  and 
N 

there  exist.  x  IR  such  that  (x-xQ,n(x))  £  0,  for  x  r  (where  n(x)  is  the 

unit  outward  normal  vector  to  3d  at  x) 


or 

N+2  ,  ■  . 

(r’)  f{t)t  is i  non  i  nrruasi  ug  for  t  •  0  ( K  =  — — ,  i_f  N  >  3;  N  =  1,2  this  condition 


l s  not _ necessary) . 

The  n ,  under  the  sc  a  s  s  umpt.  ion  s ,  there  exists  a  solution  u  of 


(0.1) 


2  - 

-.'u  =  f(u)  in  u  <  C  (i?) 


v  u  •  0  Jj}  .  ,  u  =  0  on  3d 

Remark  I.L:  Assumptions  (.?)  and  (  i)  wiLl  be  justified  below;  wc  believe  that  (4)  or  (5) 
purely  t**«  ■hnictt  I  .  ;,ct  us  aid  fh.it  if  *J  -  1,  ,  we  do  not  need  (*<)  or  {  f>)  ,  and  if  N  = 

{  5)  is  n>jf  needed,  arid  if  H  -  2  /  0  may  be  replareu  b/ 


are 

1 


-  i- 


I 


a 

(3')  limf(t)et=0,  for  some  a  <  2 

t-** 

Remark  1.2;  There  are  other  general  existence  results:  we  refer  for  example  to  A.  Ambrosetti 
and  P.  H.  Rabinowitz  [4],  H.  Brezis  and  R.  E.  L.  Turner  [19]. 

In  [41,  it  is  assumed  (1)  -  (3)  (actually  stronger  forms  of  (1),  (2)  are  used)  and 

(6)  30  f  (0,  j)  ,  3tQ  >  0  such  that  9tf(t)  -  F(t)  0,  for  t  >  tQ  where 

t 

F(t)  *  /  f (s) ds . 

0 

In  (19],  it  is  assume  (1),  (2)  and 

(7)  lim  f(t)t'a=  0,  with  o  =  (N  >  2)  . 

t—  N_1 

Compared  to  these  results  Theorem  1.1  appears  to  be  the  most  general  but  the  proof  (see  [30]) 
uses  the  symmetries  of  A  and  it  is  not  clear  to  extend  it  to  more  general  elliptic  operators. 
On  the  other  hand,  the  method  used  in  [4]  is  valid  for  general  equations  of  the  type  (0.1) 
but  with  a  variational  structure.  Finally,  even  if  [19]  appears  to  be  the  weakest  result,  it 

extends  to  general  equations  of  the  type  (0.1)  even  without  a  variational  structure. 

N+2 

We  now  comment  on  assumptions  (2)  and  (3):  first,  the  fact  that  — — ■  is,  in  general, 

N“2 

the  best  exponent  is  well-known  (see,  for  example,  S.  I.  Pohozaev  [51],  D.  D.  Joseph  and 

T-  S.  Lundgren  [  36] ) .  Of  course  we  cannot  say  it  is  necessary  since  if  u  is  a  solution  of 

(0.1)  for  some  f,  we  may  change  f(t)  as  we  want  for  t  >_  ||u||  and  u  will  remain  a 

L°° 

solution  of  (0.1).  (More  interesting  examples  may  be  found  in  p.  H.  Rabinowitz  [53], 

H.  Brezis  and  L.  Nirenberg  [18],  J.  Hempel  [35]). 

Now  concerning  (2)  we  just  remark  that  if  f(t)  =  Xt  +  g(t)  with  X  >_  X^,  g(t)  >  0 
for  t  ••  0,  then  (0.1)  has  no  solution:  indeed  let  be  a  positive  eigen-function 

associated  to  >  that  is 

2  - 

-^vl  =  in  ft,  t  C  (ft)  ,  >  0  in  ft,  =  0  on  3ft 


-4- 


Then,  we  multiply  (0.1)  by  v^  and  we  obtain  after  two  integrations  by  parts: 

A  /  uv^  dx  =  X  /  uv^  dx  *  ;  q(u)Vj  !x  '•  ’  t  uVj  dx 

and  this  contradicts  A  A,. 

Nevertheless,  something  can  be  said  when  (2)  is  not.  satisfied  (see  Theorem  II. 2  below). 

We  will  need  some  assumptions  which  insure  fruit  t  he  solutions  of  (0.1)  am  a  priori 
bounded  in  I  (£2)  :  we  will  use  the  results  of  p.  .  L  fiqu*-o redo,  p.  l.  Lions  end 
R.  D.  Nussbaum  (30). 

Theorem  1.2:  Let  us  assume  that  is  convex  and.  that  f  satisfies  (3)  and 

d’)  lim  f  (t)  t  1  -  +  ■ 

t 


(7) 

(8) 

(9) 

Let 

(0.1 


i) 


lim 

t~M-oo 


tf (t)-6F(t) 

t2f(t,2/N 


0, 


for  some  ■)  •* 


2  N 
N-  2 


(if 


N  •  3) 


f  is  differentiable  near  0  and  f * (0)  =  1 


f(t)  >  0,  for  all  t-0 


* 


A  be  the  supremum  of  all  A  •  0  such  that  there  exists  a  solution  of  (0.1 

-  A)  -Au  =  Af(u)  .in  Si,  u  r  C^(::)  ,  u  >  0  in  u  =  f)  on  ?.'l 

★ 

Then  +®  >  ^  >  and  for  0  **  A  <  A  ,  there  exists  at  least  one  solution 


-  A) 


of 


(0.1  -  A)  . 

*  * 

i  i )  I_f  A  >  A  ^ ,  then  for  A  ^  <  A  <  A  ,  there  exist  at  least  two  solutions  u  ^ ,  u1  of 

(0.1  -  A)  which  are  ordered  that  is:  <  U2  —  **’  In  addition,  there  exists  at  least 

* 

one  solution  of  (0.1  -  A  )  . 

* 

We  will  give  below  some  conditions  which  insure  that  A  >  A^. 

Remark  1.3:  The  convexity  of  the  domain  and  the  assumption  (7)  are  just  technical  assumptions 
which  imply  a  priori  bounds  of  the  solutions  of  (0.1  -  A)  in  view  of  the  results  of  1.30]. 
of  course  the  theorem  still  holds  under  other  assumptions  which  imply  a  priori  bounds,  as  in 
(30]  or  in  (19).  The  theorem  is  still  true  without  the  assumption  (9)  but  if  (■>)  is  not 


satisfied,  f  falls  into  a  class  of  nonlinearities  which  will  be  investigated  later  on. 


Before  going  into  the  proof  of  Theorem  1.2,  wo  give  a  condition  which  implies 


Corollary  1.1;  Under  the  assumptions  of  Theorem  1.2  and  i  f  f(t)  -  t.  <  0  for  t  >  0,  t  small. , 

* 

then  X  >  \  . 

Proof  of  Corollary  1.1: 

In  view  of  Crandall- Rabinowitz  result  on  bifurcation  from  a  simple  eigenvalue  (see  (2SJ) 
there  exists  a  connected  component  C  in  (A,u)  emanating  from  (X  ,0).  bet  t^  >  0  be 
such  that 

f(t)  <  t  for  t  (  (0,t  ) 

Wo  thus  have  solutions  of  (0.1  -  A)  for  (A  -  X  j  small  and  with  ||u||  <  t.  •  Now,  if 

ccS)  1 

\  v  \  ,  (X,u)  •  C,  we  would  have 

-Au  =  Xf(u)  v  X^u  in  it,  u  **  0  in  b,  u  =  0  on 

This  is  not  possible  since  is  the  first  eigenvalue.  This  contradiction  proves  that 

* 

X  -  xr 

Remark  1.4:  If  f(t)  >  t,  for  t  small,  t  >  0;  then  locally  near  ( X  ^  ,  0 )  the  only 
possible  solutions  (X,u)  of  (0.1  -  X)  are  for  X  * 

Proof  of  Theorem  l .  .1  :  Lot  us  first  remark  that  in  view  of  assumptions  ( 1  * )  r  (7)  we  know  that 

for  all  t,B  •  0  there  exists  C  N  0  such  that,  if  (A,u)  is  a  solution  of  (0.1  -  M 

with  t  •  *  B,  then  i|u((  <  C. 

C(') 

* 

In  addition  in  view  of  Theorem  1.1,  we  just  need  to  prove  that  if  ‘  '*  ^ ,  then  for 

* 

■  ^  1  •  ,  thur«-  ex i  s  t  at.  least  two  solutions  ,  u.y  of  (0.1  -  ')♦  To  this  <  n.l  M 

★  _ 

• ^  ■  (Xj,*  )  bo  such  that  there  exists  a  solution  u  of  (0.1  -  \^) . 

Let  us  prove  that  for  X  •  (>^,\^),  there  exist  two  ordered  solutions  of  ('"’.l  -  \)  . 

We  <ir-’  uomg  to  use  a  topological  degree  argument  (see  3 .  l<eray  and  d.  Schauder  1411  or 

L.  Mir»*nberg  1 4*3 1  for  the  definition  and  basic  properties  of  t  h"  topological  degree)  .  We 

1  -  * 

tir.'.t  ief:ne  i  compact  map  associated  with  the  pioblem  (0.1  -  A)  for  u  ■  (  )»  we 

•'  :  v  -  V  u  is  the  solvit  ion  of 


‘  ^  :  u  <  (  )  ,  u  -  ->  on 


2 .  p 

-Av  =  \i  (u)  in  ft,  v  c  W  MQ)  (p  <  “»)  ,  v  =  0  on  3ft  ; 


where  we  take  f(t)  =0  if  t  0.  Let  C  >  0  be  such  that  all  solutions  of  (0.1  -  X) 

(that  is  all  nonzero  fixed  points  of  K  )  are  bounded  by  C  and  such  that  ||ul|  <  C. 

(Tift) 

Since  f  is  locally  Lipschitz,  there  exists  u  such  that 

X f ( t )  +  yt  is  nondecreasing  for  t  t  [0,C] 

Finally  we  set ;  v  =  Ku  is  the  solution  of 

-Av  t  |iv  =  X f  ( u )  +  yu  in  ft,  v  e  W2'^(ft)(p  <  “)  ,  v  =  0  on  3ft 

Let  us  now  define  some  open  sets  in  chfl) : 

1  3  3vl 

B  ~  ’■ u  ■  C0U)  ,  il  U II  t  <  c,  u  >  t0v1  in  a.  -£<  on  3n) 


where  n  denotes  the  outward  unit  normal,  and  where  as  in  Corollary  1.1  is  a  positive 

eigenfunction  associated  with  A^.  The  constant  will  be  determined  later  on  (we  already 

impose  > to  be  .small  enough  such  that  u  t  &,  and  such  that  Affe^v^)  *  *1G0V1  ^  ‘ 

,  a  3u  3u 

We  also  set:  (’  -  t u  *  B ,  u  «.  u  m  ft,  r—  ^  -  —  on  3ft}. 

3n  jn 


We  are  going  to  prove  that  the  topological  degree  of  I  -  K  is  well  defined  on  B  and 
on  0  (with  respect,  to  0)  and  that  its  values  are: 

d ( I-K ,  B,  0)  *  0,  d(I-K,  0,  0)  =  +1  . 


This  will  imply:  d(I-K,  B-P ,  0)  =  -1,  therefore  there  exists  u2  solution  of  (0.1  -  A) 
and  a,  •  M-P.  m  particular  u  a  u  is  not  a  solution  of  (0.1  -  X)  and  a  straightforward 
computation  shows  that,  actually,  a  u  satisfies: 

-A(u^  a  u)  Af(u2  a  u)  in  D*  (ft)  ,  u^  a  u  <•  W*'  (ft) 


To  conclude,  that  is  to  prove  the  existence  of  u^ ,  we  just  have  to  notice  that  for  c  small 
enough,  lv  (with  the  same  notations  as  in  Corollary  1.1)  is  a  subsolution  of  (0.1  -  X) 
and  i  •  u.?  a  q .  And  thus  there  exists  a  solution  of  (0.1  -  ‘.)  satisfying: 

0  •  u  •  u_,  a  u  in 


-7- 


Now,  we  prove  the  claims  on  the  topological  degree.  Indeed,  in  view  of  [30],  let  us 

first  remark  that  one  may  choose  C  such  that,  if  K  denotes  the  following  compact 

9 

operator:  K  u  =  v  defined  by 

9 

( -Av  +  0pv  =  0(Xf(u)  +  gu)  +  ( 1- 9)  ( vu+  +  1) 

^  v  e  ' P( 0) (p  <  «0 ,  v  =  0  on  3Q  ; 

where  v  >  \  ,  then  all  fixed  points  of  K  (for  0  <  0  <  1)  are  bounded  in  C^(fl)  norm 

10  0 

by  C.  In  addition  an  easy  argument  shows  that  one  may  choose  small  enough  such  that 

all  fixed  points  u  of  K  (for  0  <  9  <  1)  (distinct  from  0  if  0=1)  satisfy: 

9 

u  >  This  is  due  to  the  fact  that  both  A  and  v  are  greater  than  •  Therefore 

d(I-K^,  B,  0)  is  well  defined  and  independent  of  0  e  [0,1]  •  But  it  is  easy  to  see  that 

K  cannot  have  any  fixed  point  because  of  the  choice  of  v  and  thus 
9 

d(I-K,  B,  0)  =  d ( I -Kg ,  B,  O)  =  0  . 

Next,  we  prove  that  d(I-K,  0,  0)  =  1.  Indeed,  let  us  choose  ^  in  0,  and  let  us 
remark  that  we  may  choose  C  such  that  K  maps  into  0 .  Remark  that  if  u  e  (7  and 

if  v  =  Ku,  we  have 

-Av  +  gv  =  Af(u)  +  pu  <  Af(u)  +  pu 
and  by  the  strong  maximum  principle  we  conclude:  v  6  (}•  Therefore 
d ( I  -  ( 0K  +  (1-9)^),  0,  0)  is  well  defined  and  is  independent  of  G  e  [0,1)1.  In 
particular : 

d(  I-K,  0,  0)  =  d(I-*>,  0,  0)  =  1,  since  *  t  0  . 

In  order  to  complete  the  proof  of  Theorem  1.2,  the  last  thing  we  have  to  check  is  that 

★ 

X  <  +  co.  And  this  is  an  easy  consequence  of  (1')  and  (9):  Indeed  these  assumptions  imply 
that  there  exists  a  >  0  such  that  f(t)  >  ctt  for  all  t  >  0.  Now  multiplying 
(n.l  -  A)  by  v1  and  integrating  by  parts,  this  yields 

X ^  [  uv^dx  =  (  Xf(u)v  dx  >  gA  (  uv  dx 

*  fi  3  3 
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1  * 

and  therefore  A  *  — ,  ani  thus  A  <  ». 
a 

Remark  1,5:  In  the  case  where  we  have 

lim  f(t)t  ^  -  -h» 
t+0 

+ 

and  under  the  same  assumptions  as  in  Theorem  1.2  (except  (8)  of  course),  then,  by  a  similar 

#  * 

proof  to  the  preceeding  one,  there  exists  A  <  °°  such  that  for  0  <  A  <  A  ,  there  exist 

at  least  two  solutions  u-j,  U2  of.  (0.1  -  A)  which  are  ordered  that  is:  u-j  <  u2  jj}_  ** 

*  * 

and  for  A  =  A  ,  there  exists  at  least  one  solution  of  (0.1  -  A  ) .  This  is  the  case  for 

example,  when  f(t)  *  (t^  +  t^)(t  >  0)  with ,  0  <  0  <  1,  1  <  p  <  (if  N  >  2). 

Remark  1.5:  We  conjecture  that  Theorems  1.1  and  1.2  are  not  optimal  in  the  sense  that  for 
example  in  Theorem  1.1,  assumptions  (4)  or  (5)  should  not  be  needed,  or  Theorem  1.2  should 
be  true  just  under  assumptions  (1')  -  (3)  -  (8)  and  (9).  These  extensions  depend  only  on 
extensions  of  results  implying  a  priori  bounds  lor  solutions  cf  (0.1)  or  (0.1  -  A)  (see 
also  section  IV. 2  below) . 

Remark  1.6:  To  summarize  the  results  of  this  section,  we  are  going  to  give  a  few 
"bifurcation  diagrams".  Let  us  emphasize  that  these  diagrams  are  formal  and  in  some  sense 
are  "minimal"  diagrams:  we  will  see  in  section  III  below  that  the  set  of  solutions  may  be 
a  lot  more  complicated.  The  curves  below  represent  the  maximum  norm  of  u  as  a  function 
of  A,  whenever  (u,A)  is  a  solution  of  (0.1  -  A).  In  all  these  diagrams  we  assume  at 
least  that  f  is  superlinear  (and  satisfies  (I1))  and  f  satisfies  (3),  (9)  (and  other 
precise  assumption  can  be  found  in  Theorem  1.1  and  1.2). 

Case  1 :  f ' (0  )  -  0 

n  N  +  2 

Ex  =  fit)  *  tp(  1  <  p  <  — — ) 

-  N  —  z 
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Case  3:  f'(0)  «■  1,  f(t)  <  t  for  t  >  0,  t  small 


1.2.  Subllnear  nonlinearities. 

In  this  section  we  still  assume  that  f  is  locally  Lipschitz  continuous  from  R 
into  R  and  that  f(0)  =  0.  In  addition  f  will  be  assumed  to  be  sublinear  that  is 

(10)  Tim  f(t)t_1  <  11  . 

Our  first  existence  result  is  well-known  (see  for  example  H.  Amann  [1],  [2}  or 

H.  Berestycki  and  P.  L.  Lions  [8] )  and  thus  we  will  skip  its  proof; 

Theorem  1.3:  Let  us  assume,  in  addition  to  (10),  that  f  satisfies ; 

(11)  Urn  fftlt"1  >  A  . 

t-*-0 

+ 

Then  there  exists  a  maximum  positive  solution  of  (0.1). 


’I 
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1 


* 


Remark  1.8:  Of  course,  if  f  satisfies  (11)  and 

(12)  f( g)  =  0,  for  some  3  >  0  ; 

then  the  conclusion  of  Theorem  1.3  holds,  where  maximum  solution  is  replaced  by  maximum 
solution  among  all  solutions  less  than  8.  Indeed  by  the  maximum  principle  a  solution  of 
(0.1)  with  f  replaced  by  f(t)  =  f(t  A  6)  is  a  solution  of  (0.1)  which  is  less  than  8 
and  let  us  remark  that  f  now  satisfies  (10). 

Remark  1.9;  In  the  case  where  f(t)  satifies  (10,  (11)  and 

(13)  f(t)t-1  is  strictly  decreasing  for  t  >  0 

then  it  is  well-known  (see  H.  Berestycki  [6]  for  an  elegant  proof)  that  (0.1)  has  a  unique 
positive  solution.  In  particular  (13)  is  satisfied  if  f  is  strictly  concave. 

We  now  turn  to  the  parametrized  version  of  (0.1),  namely  (0.1  -  X). 

Theorem  1.4:  We  assume  that  f  satisfies; 

(10‘)  lim  f(t)t  1  =  0  ( resp.  f(8)  ”  0  for  some  6  >  0)  . 


(8)  f  is  differentiable  near  0  and  f'(0)  »  1  . 

(9)  f(t)  >  0,  for  all  t  >  0  (resp.  for  all  8  >  t  >  0)  • 

* 

Let  X  be  the  infinum  of  all  X  >  0  such  that  there  exists  a  solution  of  (0.  I  -  X) 

(resp.  less  than  8).  Then  we  have 

#  * 

i)  0  <  X  <  X^  and  for  X  <  X,  there  exists  a  maximum  positive  solution  u^  of 

(0.1  -  X)  (resp,  maximum  among  all  positive  solutions  of  (0.1  -  X)  less  than  8). 

*  * 

ii)  _If  X  <  X^,  then  for  X  <  X  <  X^,  there  exists  a  second  solution  u^  o£ 

(0.1  -  X)  which  thus  satisfies:  0  <  Uj  <  u1  ^n  !).  In  addition,  there  exists  a  maximum 

# 

positive  solution  of  (0.1  -  X  )• 

♦ 

Let  us  qive  immediately  some  condition  which  implies  X  <  X^* 

Corollary  1.2:  Under  the  assumptions  of  Theorem  1.4  and  if  we  have 

f(t)  >  t  for  t  >  0,  t  small  ? 


then  X  <  X 


Remark  1.10:  If  f(t)  <  t,  for  t  small,  t  >  0;  then  locally  near  <  A  ^ ,  0 )  the  only 
possible  solutions  (X,u)  of  (0.1  -  X)  are  for  X  >  X^. 

Since  the  proofs  of  Theorem  1.4  and  Corollary  1.2  are  somewhat  similar  to  those  of 
Theorem  1.2  and  Corollary  1.1,  we  will  skip  them. 

We  want  now  to  discuss  the  case  where  (8)  is  replaced  by 
(S’)  Tim  f(t)t-1  <  0  . 

t*0  + 

Theorme  1.5:  We  assume  that  f  satisfies  ( 8  * )  and 

(14)  a  =  inf(t  >  0,  f(t)  >  0)  exists  and  a  >  0  ; 

(15)  lim  f  ( t )  t  1  =  0  ( resp.  f ( 6 )  =  0  for  some  8  >  a )  ; 

t-»+®  t 

a  C  >  0  ( resp.  8  >  C  >  0),  F (?)  >  0,  where  F(t)  =  /  f(s)ds. 

.  0 

Let  X  be  the  inf im um  of  all  X  >  0  such  that  there  exists  a  solution  of  (0.1  -  X) 

* 

(resp.  less  than  6 ) •  Then  X  is  finite  and  positive  and  we  have,  if  (2  is  star  shaped 

* 

i)  For  X  >  X  ,  there  exists  a  maximum  positive  solution  u1  of_  (0.1  -  X)  ( resp. 

maximum  among  all  psotive  solutions  of  (0.1  -  X)  less  than  8). 

* 

ii)  For  X  >  X  ,  there  exists  a  second  solution  u2  of_  <0,1  *  which  satisfies: 

0  <  u2  <  u1  Cl. 

If  Si  is  not  star  shaped,  i)  is  true  for  X  large  enough  and  ii)  is  replaced  by 

iii)  If  there  exists  a  solution  of  (0.1  -  X),  then  there  exists  a  maximum  positive 

solution  u,  of  (0.1  -  X)  (resp.  maximum  among  all  positive  solutions  of  (0.1  -  X)  less 
than  8)  and  there  exists  a  second  solution  u2  <3f.  (0.1  -  X). 

We  do  not  know  if  the  assumption  on  Si  is  necessary. 

Remark  1.11:  This  result  is  essentially  contained  in  H.  Berestycki  and  P.  L.  Lions  [8! 

* 

(see  also  P.  H.  Rabinowitz  [52]).  Remark  that  the  fact  that  X  is  finite  (i.e.  there 
exist  solutions  for  X  large)  is  easily  obtained,  for  example,  by  a  variational 
argument.  Indeed  (replacing  if  necessary  f  by  f(t)  =  f(t  A  8))  if  we  consider  the 


minimization  problem: 


I,  =  min  /  j  |Vu|2  -  XF(u)dx,  where  F(t)  =  j  f(s)ds  ; 

ue« J(a,  n  0 

then  this  problem  has  always  a  solution  u^  and  for  1  large  enough  u^  >  0  in  ft, 
since  1^  <  0.  We  will  see  below  that  in  general  and  u1  do  not  coincide  for 


Remark  1.12:  In  a  very  special  case  (ft  =  (0,1),  f(t)  =  -ut  +  vt^  -  t^  with  v  >  0  and 

2  * 
v  >  4u  >  0 )  it  is  proved  in  Conley  and  Smoller  [24]  that  for  X  >  X  there  are  exactly 

* 

two  solutions  (u^Uj)  of  (0.1  -  X)  while  for  X  =  X  there  is  a  unique  solution  u1 

* 

of  (0.1  -  X  )  (in  addition  a  precise  description  of  the  stability  of  these  solutions  is 

given).  Remark  that  (8')<  (14),  (15)  are  satisfied  in  this  case  (with 
1  /2  1  / 2 

a  =  —  (v  -  /v  -  4y ) ,  6  =  —  (v  +  / v  -  4y).  This  shows  that  Theorem  1.5  is  optimal  in 
this  case. 

— *  _  *  # 

We  claim  that  this  example  shows  that  >  0  for  X  e  [Q,X  )  where  X  >  X  and 

-w  ★  —  * 

that  u1  |  u^  if  X  e  (X  ,X  )  -  we  use  here  the  notation  of  Remark  1.11  above.  Indeed  we 

just  need  to  show  that  I  t  >  0:  if  one  had  1^40,  then  using  the  main  result  of 

X  X 

A.  Ambrosetti  and  P.  H.  Rabinowitz  (4)  we  would  deduce  that  (0.1  -  X  )  should  have  a 


solution  u2  with 


/  7  I Vu  1 2  -  X*F(u  )dx  >  0  . 


In  addition,  one  would  have  <  0  for  X  >  X  and  therefore  this  would  imply  u1  >  0 

in  ft.  Now  because  of  the  stability  properties  proved  in  [24] ,  this  would  imply 

* 

for  X  >  A  •  Now  by  continuity  one  would  have 


/  |  |Vui i 2  -  X  F(u1 }dx  <  0 


And  this  would  contradict  the  uniqueness  of  the  solution  of  (0.1 


\  )  . 


* 

Proof  of  Theorem  1.5:  We  already  know  that  X  is  finite  and  we  will  just  prove  that 
1)  X  is  positive,  2)  if  there  exists  a  solution  of  (0.1  —  X  )  and  if  ft  is  star 
shaped  that  for  all  X  >  XQ,  there  exists  a  solution  of  (0.1  -  X).  The  remaining 
statement  of  the  Theorem  is  about  the  existence  of  u2  and  we  refer  to  H.  Berestycki  and 
P.  L.  Lions  (8),  [9]  (the  method  uses  a  topological  degree  argument  somewhat  similar  to  the 

one  used  in  the  proof  of  Theorem  1.2). 

* 

1)  X  is  positive: 

indeed  if  (0.1  -  X)  had  a  solution  u  for  X  arbitrarily  small,  for  X  small  enough  we 
would  have 

-Au  =  Xf(u)  <  —  u  in  ft,  u  >  0  in  ft,  u  =  0  on  3ft  . 

And  this  is  clearly  impossible. 

2)  Let  us  suppose  that  there  exists  a  solution  u1  of  (0.1  -  XQ)  and  let  X  >  XQ  -  we 
may  assume  that  ft  is  star  shaped  with  respect  to  0.  Then  the  existence  of  a  solution  of 

(0,1  -  X)  is  equivalent  to  the  existence  of  a  solution  of 

(16)  -Au  =  X  f(u)  in  (r— )^ft  =  ft',  u  >  0  in  ft',  u  =  0  on  3ft'  . 

0  A0 

(ft'  =  {(t—  Y2  x,  x  e  ft} ) 
o 

Remark  that  ft  c  ft'.  Therefore  using  the  general  results  of  [7],  if  we  extend  u,  by  0 
to  ft',  we  obtain  a  weak  subsolution  of  (16).  It  is  easy  to  build  a  supersolution  above 
u^,  using  the  assumption  (15)  and  we  conclude  involving  classical  results  on  sub  and 
super solutions . 

Remark  1.13:  Again  we  summarize  the  results  of  this  section  with  a  few  "bifurcation 
diagrams”  (all  the  remarks  made  on  those  diagrams  in  Remark  1.7  are  still  valid  here).  In 
all  these  diagrams  we  assume  at  least  that  f  is  sublinear  (and  satisfies  (10')  or  even 
(15)  -  the  other  precise  assumptions  can  be  found  in  Theorems  1.3  -  5). 
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II.  The  case  when  f(0)  >  0: 

II. 1.  Superlinear  nonlinearities 

In  this  section  we  still  assume  that  f  is  locally  Lipschitz  continuous  from  R 
into  R.  We  assume  now  that 

(17)  f ( 0  >  >0 

We  will  restrict  our  attention  to  the  case  when  f  satisfies 

(9)  f(t)  >  0,  for  all  t  >  0 

(again  let  us  indicate  that  the  case  when  f  vanishes  for  some  reduces  to  the  sublinear 
case) . 

Our  first  existence  result  is  the  following: 

Theorem  II.  1 :  Let  us  assume  that  f  satisfies  (17),  (9),  (1')  and  ( 3 ) ,  (7 ) ;  and  suppose 

* 

in  addition  that  51  is  convex.  Then  there  exists  A  >0  such  that 


i) 

for 

0 

<  A  <  A  ,  there  exists  a  minimum  positive 

solution  u,  of  (0.1  - 

A) 

-Au 

=  Af  ( u) 

in  51,  u  e  C2(51),  u  >  0  in  51,u=0  in 

QJ 

JO 

> 

1 

ii) 

If 

A  > 

* 

A  ,  there  exists  no  positive  solution  of 

(0.1  -  A ). 

iii) 

If_ 

0  < 

* 

A  <  A  ,  then  there  exists  at  least  one  positive  solution  u,  of 

r< 

1 

O 

distinct  from  u^  i.e.  satisfying:  u^  >  u^  ini  51. 

Remark  II .  1 ;  Again  the  assumption  (7)  (and  the  convexity  of  51)  is  purely  technical  and 
we  believe  it  is  not  necessary:  this  assumption  is  used  only  in  iii)  in  order  to  insure 
some  a  priori  estimate  and  the  Theorem  (and  its  proof)  remains  true  with  any  assumption 
(replacing  (7))  insuring  a  priori  bounds  of  the  solutions  of  (0.1  -  A)  (such  results  can 
be  found  in  [30]  and  in  (19J). 

This  result  is  essentially  due  to  D.  G.  de  Figueiredo,  P.  L.  Lions  and  R.  D.  Nussbaum 

[30].  Statements  i)  and  ii)  are  somewhat  classical  and  easy  to  prove  since  once  we  know  a 

positive  solution  u.  of  (0.1  -  A  )  for  some  A  >  0,  u.  is  a  supersolution  of 
A0  A0 

(0.1  -  A)  while  0  is  always  a  subsolution.  Therefore  i)  and  ii)  follow  easily  from  the 
general  results  of  H.  Amann  [1]. 
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We  will  see  that  the  proof  of  iii)  shows  a  little  more  than  statement  iii):  if 


0  <  Ug  <  Xg  <  X  are  fixed,  we  will  prove  that  there  exists  a  connected  component  C  in 
R  x  C^(ii)  such  that  for  all  (X,u)  e  C  with  X  e  IWqi^q!  then  u  solves  (0.1  -  X) 

and  is  distinct  from  u^  .  In  the  convex  case  a  lot  more  can  be  said  (see  [30]  and  Theorem 
II. 2  below) . 

Remark  II. 2  The  example  f(t)  «  a  +  St  with  a,  $  >  0  shows  that  assumption  (1*)  is 
necessary  in  order  to  have 
i)  a  solution  for  X  *  X 

* 

ii]  at  least  two  solutions  for  0  <  X  <  A  . 

Indeed  in  this  case  it  is  well-known  that  (0.1  -  X)  has  a  solution  if  and  only  if 

*  - 1 

X  <  X  =  X^3  and  the  solution  is  unique. 

* 

Proof  of  Theorem  II. 1:  Let  X  <  X  ,  we  know  there  exists  a  solution  u  #  of 

.  * 

(0.1  -  X  ).  Thus  u  t  is  a  supersolution  of  (0.1  -  X)  and  u  <  u  t  in  ft.  We  are 
X  ~X  X 

going  to  prove  there  exists  a  solution  u^  of  (0.1  -  X)  such  that 

u  4  u  ,  in  ft 
X 

To  this  end  we  will  use  a  topological  degree  argument  (somewhat  similar  to  the  one  used  in 
the  proof  of  Theorem  1.2). 

In  all  that  follows,  C  will  denote  a  positive  constant  such  that  all  solutions  u 
of  (0.1  -  X)  satisfy:  Hu#  _  <  C.  In  addition  since  f  is  locally  Lipschitz,  there 

c'(ft) 

exists  y  such  that 

Xf(t)  +  yt  is  nondecreasing  for  t  e  [0,0  . 

Finally  we  define  a  compact  map  K  from  Cg(fi)  into  C^(ft):  v  =  Ku  is  the  solution  of 

2  - 

-Av  +  uv  =  Xf(u)  +  yu  in  ft,  v  e  C  (ft),  v  =  0  on  3ft 
Let  B  and  0  be  the  following  bounded  open  sets  in  C^(ft): 

B  =  {u  e  c’(ft), 

C  »  {u  e  b. 


Hud  <  C,  u  >  0  in  ft,  <0  on  3ft)  ; 

c’(ft)  9n 


„  3u  3 

u  <  u  .  in  ft,  "c  >  t— 

—  *  3n  3n 


(“  J  on 

X 


3ft)  . 
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We  claim  now  that  the  degrees  of  1  -  K  on  B,  0  (with  respect  to  0)  are  well 
defined  and  are  equal  to: 

d( I-K,  B,  0)  =  0,  d(I-K,  0,  0)  -  1  . 

The  fact  that  these  degrees  are  well  defined  is  obvious  from  the  definitions  of  B  and 
0.  In  addition  the  computation  made  in  the  proof  of  Theorem  1.2  is  easily  adapted  to  this 
case  and  it  shows: 

d(I-K,  B,  0)  -  0  . 

Finally  0  and  u  being  respectively  sub  and  supersolution  of  (0.1  -  X)  it  is  clear 
X 

that  K  maps  into  ,  and  since  is  convex  this  implies 

d(I-K,  0,  0)  =<  1  . 

Indeed  take  e  0  and  define  =  (1-t)V>  +  tK  (for  0  <  t  <  1),  Kt  maps  ? 
into  0  and  thus 

d(I-K,  0,  0)  =  d(I-Kt,  0,  01  -  d(I-*>,  0,  0)  «  1  , 

since  ^  8  0. 

We  are  now  able  to  conclude  since  by  the  additivity  of  the  Leray-Schauder  degree,  we 

have: 

d(I-K,  3-0,  0)  »  -1 

and  this  means  there  exists  a  solution  u  of  (0.1  -  X)  in  B  -  0;  and  this  proves  the 
theorem. 

We  now  consider  the  case  when  f  is  convex;  this  case  has  been  studied  by  many 
authors:  some  simple  interesting  cases  were  discovered  by  H.  B.  Keller  and  D.  S.  Cohen 

(37),  H.  B.  Keller  and  J.  P.  Keener  (3R).  More  general  results  were  obtained  in  T.  Laetsch 
(39),  M.  G.  Crandall  and  P.  H.  Rabinowitz  (26),  C.  tandle  (51,  F.  Mignot  and  J.  P.  Puel 
(47),  o.  G.  de  Figuelredo,  P.  L.  Lions  and  R.  D.  Nussbaum  (30).  Some  particular  results 
(in  the  case  when  (1  is  a  ball)  are  described  in  J.  Leray  (401,  I.  M.  Guelfand  [31],  D.  D. 
Joseph  and  J.  S.  Lundgren  (36),  C.  M.  Brauner  and  B.  Nicolaenko  (17)  (we  will  come  back  on 
these  particular  results). 

We  give  now  a  new  existence  result  (some  properties  of  the  solutions  may  be  found  in 
the  references  listed  above). 
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Theorem  II. 2:  Let  us  assume  that  f  satisfies  (17),  (9),  (1‘)  and  that  f  Is  strictly 

#  * 

convex  on  R+.  Then  there  exists  X  >0  such  that  for  0  <  X  <  X  there  exists  a 

minimum  positive  solution  u^  of  (0.1  -  X)  (in  addition  is  of  class  with 

* 

respect  to  X)  and  such  that  for  X  >  X  there  exist  no  positive  solutions  of 

(0.1  -  X). 

If  we  assume  in  addition  (3),  (7)  and  that  f!  is  convex,  there  exists  a  connected 
*  2  — 

component  C  _in  [ 0 , X  ]  x  c  (fl)  such  that  i)  for  all  (X,u)  e  C,  u  is  a  positive 

* 

solution  of  (0.1  -  X)  (except  if  X  ■  0,  then  u  ■  0),  ii)  for  all  X  e  (0,X  )  there 
exists  u  distinct  from  u^  such  that  (X,u)  e  Cl  iii)  (X,u^)  e  ^  e  C 

and  X  ♦  0+,  u  ^  then  Sull^  ♦  +“>.  Finally  if  we  assume  (4)  instead  of  (7)  and  if  the 

* 

convexity  of  fl  then  for  all  X  e  ( 0 , X  )  there  exists  a  solution  distinct  from  u^  o£ 
(0.1  -  X)  . 

Remark  II. 3:  The  results  of  [36]  show  that  the  last  part  of  the  theorem  is  nearly 
optimal.  We  conjecture  that  the  fact  solutions  of  (0.1  -  X)  distinct  from  lie  on  a 

connected  component  C  is  still  true  without  assumption  (7). 

Let  us  finally  indicate  that  the  question  of  the  existence  of  a  (unique)  solution  of 
(0.1  -  X  )  is  investigated  in  [26]  and  [47). 

Again  assumptions  (7)  and  of  the  convexity  of  SI  are  technical  and  are  used  in  order 
to  insure  a  priori  bounds  of  the  solutions  of  (0.1  -  X)  (as  in  Theorem  II. 1  -  see  Remark 
II.  1) . 

Remark  II. 4:  It  is  shown  in  [36],  that  the  set  of  solutions  of  (0.1  -  X)  may  be  rather 
complicated  since  in  some  examples  (f(u)  =  eu,  3  4  N  <  9  and  Si  being  a  ball)  we  have 


the  following  "bifurcation  diagram": 


(in  particular  (0.1  -  A^)  has  infinitely  many  solutions). 

For  the  second  part  of  Theorem  II. 2  we  refer  to  [30]  and  we  are  going  to  prove  only 
the  last  statement  (the  method  used  here  is  very  similar  to  the  one  used  to  prove  Theorem 
II. 3  in  (30]  ) . 

Proof  of  Theorem  II. 2:  Let  t  >  1.  t  t  +“  such  that  f  is  differentiable  at  f  .  Let 
-  n  n  n 

us  define 

f  (t)  =  f(t  )  +  f'(t  )(t  -  t  )  +  (t  -  t  >Y  for  t  >  t 
n  n  n  n  n  n 

f  (t)  =  fit)  if  t  <  t 
n  n 

L  r.  N+2i 

where  y  is  any  constant  in  [1, 

Since  f  is  convex  and  f  =  f  for  t  <  t  ,  we  claim  that  for  n  large  enough 
n  n  n 

u^  is  still  the  minimum  solution  of  the  problem  (0.1  -  A)  corresponding  to  fn.  Indeed 
by  (47] ,  we  have  for  n  large  enough  that  u^  is  solution  and 


where  a"  (resp.  A^)  is  the  first  eigenvalue  on  hJ((1)  of  the  operator 


-A  -  Af'(u.)  (resp.  -A  -  Af'tu,)) 
n  A  ~"A 

And  this  implies  (see  (47 J)  that  is  the  minimum  solution  (for  fn) .  Now,  by  [26]  ,  we 

know  that  (0.1  -  A)  for  f  has  a  second  positive  solution  u  :  u  >  u.  in  ft. 

n  n  n  -A 

Moreover,  from  an  easy  inspection  of  the  proof  in  [26]  ,  we  see  that 


I /  —  |Vu  (  -  F  ( u  )dx|  <  Const.,  where  F  (t)  =  /  f  (s)ds. 

n  2  n  n  n  n  o  n 

Since  A.  =*  A?  >  0,  it  is  easy  to  prove  that  Hu  -  u, I  remains  bounded  away  from  0. 
11  n  — A  00 

Now  exactly  as  in  the  proof  of  Theorem  II. 3  in  [30]  ,  we  derive  a  H1  bound  on  un, 

2 

which  implies  a  C  bound  on  un .  It  is  then  straightforward  to  pass  to  the  limit. 
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Remark  II. 5;  In  the  last  statement  of  Theorem  II. 2,  we  may  as  well  replace  (4)  by  (5)  (the 
construction  of  fn  is  a  little  more  technical  in  this  case). 

We  now  summarize  the  results  of  this  section  by  a  bifurcation  diagrm  representing  the 
set  of  solutions  of  (0.1  -  X)  (under  the  assumptions  of  Theorems  II. 1  or  II. 2) 

IMI.t 


*  A 

X 

recall  that  when  f  has  a  supercritical  growth  (ex:  f(t)  =  a  +  6t^,  a, 
various  modifications  of  this  diagram  may  happen  (see  1401 r  136]). 


Of  course  let  us 


p>£§> 


II. 2.  Sublinear  nonlinearities: 

We  still  assume  that  f  is  locally  Lipschitz  continuous  from  R  into  R  and  that 
f  satisfies  (17). 

We  have  the  following  easy  existence  result: 

Theorem  II. 3;  Let  us  assume  that  f  satisfies  (17)  and  either  (9)  and 

( 10'  )  lim  f( t)t_1  =  0 

t  ++« 


or  that  there  exists  6  >  0  such  that  f(  (?)  =  0.  Then  for  all  X  >  0,  there  exists  a 
minimum  solution  u^  of  (0.1  -  X). 

Remark  1 1. 6:  If  we  assume  instead  of  (10*),  f(t)t-1  =>  K  t  +•,  then  the  existence 

result  is  valid  for  all  X  e  (0,  X^K). 

The  proof  is  a  straightforward  application  of  order  arguments  since  0  is  a 
subsolution  and  it  is  easy  to  build  a  supersolution  (for  example  g  is  a  supersolution  in 
the  case  when  f( 8)  *  0). 

The  following  result  shows  that  for  some  class  of  nonlinearities  f,  there  is 

uniqueness  (but  we  will  see  in  Section  III. 2  that  this  is  not  true  in  general). 

Proposition  II. 1:  Under  the  assumptions  of  Theorem  I I. 3  and  if  we  assume  in  addtlon  that 

f  is  concave  th=n  u^  is  the  unique  solution  of  (0.1  -  X). 

We  believe  this  result  is  well-known  but  we  were  unable  to  find  a  precise  reference 

(see  H.  Berestycki  [61  for  a  related  result).  The  proof  is  an  easy  adaptation  of  an 

argument  from  [61.  We  will  denote  by  X^(-A  -  c(x))  the  first  eigenvalue  of  the  operator 
-d  -  c(x)  for  some  c(x)  e  L°°(S1). 


f(ux>  -  f  ( 0  ) 

Since  we  have:  -Au,  =  { - }u 

-X  ux 

necessarily  we  have: 


f(0),  ux  >  0  in  fl  and  since  f  ( 0 )  >  0, 


X^-A  -  {f(u  ) 


f(0)}u  )  >  0 


(if  Hx  =  0  this  is  to  be  understood  as  f'(0+)  -  which  exists  since  f  is  concave). 
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On  the  other  hand,  if  v  is  a  solution  of  (O.t-A)  distinct  from  ,  we  have 


f(v)-f(ux) 

-A(v-v  )  =  ( - j  ( v— u .  ) ,  v-u.  >  0  in  fl 

-X  v“u^  '  -X  -X 


f(v)-f(u,  ) 

X.(-A - —  J  -  0 

1  v-u . 


(again  (f(v)  -  ftu^JXv-u^)  is  to  be  understood  as  ffu^  +  l  on  the  set  v  »  u^  -  that 
is  3ft).  But  since  f  is  concave,  we  have 


(f(v)  -  ftu^JHv-u^)  1  <  (ffu^)  “  f(v))u.  1  . 


This  inequality  contradicts  the  spectral  informations  given  above  in  view  of  well-known 
comparison  principles  of  first  eigenvalues. 

The  bifurcation  diagram  of  this  section  looks  like 


Ex.:  fit)  =  i  +  at 


a  '  0,  d  -  0,  8  ,  (0,1) . 
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III.  The  shape  of  the  nonlinearity  and  multiplicity  results. 

III.  1 .  Buckles  and  multiplicity  results. 

Again  we  assume  that  f  is  locally  Lipschitz  continuous  from  R  into  R.  In  this 
section  we  will  consider  the  case  when  f  changes  sign  and  we  will  show  how  this  type  of 
behavior  may  affect  multiplicity  results.  The  results  of  this  section  are  adaptations  or 
extend  results  of  H.  Berestycki  and  P.  L.  Lions  (10). 

The  first  type  of  results  we  want  to  discuss  concerns  the  case  when  f  changes  sign 
once  (or  more)  between  0  and  some  6  such  that  f(8)  -  0  and  when  f(t)  is  positive 
and  superlinear  for  t  >  0.  By  sections  1.2  and  II. 2,  we  have  existence  results  for 
solutions  whose  maximum  is  less  than  0.  We  want  to  prove  here  that  under  general 
assumptions  there  exists  another  solution  whose  maximum  is  larger  than  0. 

More  precisely  we  assume: 

(18)  30  >  o,  f(0)  -  0  and  f(t)  >  0,  for  t  >  8  i 


( 1 )  lim  f ( t)t  1  >  X  , 

t++” 

and  of  course  f ( 0 )  >  0. 

Theorem  III.1:  We  assume  that  f  satisf ies  (18),  (1),  (3),  (7)  and  f(0)  >  0:  and  that 
Q  is  convex.  Then  there  exists  u  solution  of  (0.1)  satisfying : 

max  u  >  0  . 

a 

Remark  III .  1 :  Again  the  convexity  of  a  and  the  assumption  (7)  are  purely  technical 
conditions,  which  are  used  here  in  order  to  ensure  a  priori  bounds  on  solutions  of 
( 0.1).  In  particular  we  could  replace  these  conditions  by  other  ones  which  imply  a  priori 
bounds  (see  (30)  and  [19]). 

Remark  III. 2:  Theorem  III.1  can  be  combined  with  the  results  given  in  sections  1.2  and 
I 1.2  to  state  general  existence  results.  We  give  below  some  examples. 
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Example  III . 1 :  Assume  that  f  satisfies 


i) 

fit) 

> 

0, 

for  t  e  [0,a) 

ii) 

fit) 

< 

0, 

for  t  6  (a,  6)  tif  a  ”  8  we  just  assume  f(a)  *  0] 

iii) 

fit) 

> 

0 

for  t  e  ( 8,+») 

and  that  f  satisfies  (1),  (3)  and  (7). 

Then  there  exists  two  positive  solutions  u^,  u^  (distinct)  of  (0.1)  such  that 
0  <  u^(x)  <  S  <  max  u^,  for  all  x  in  ft 

a 

Indeed  we  just  need  to  combine  Theorem  IIT.1  with  Theorem  II. 3  (remark  that  since  u^  may 
be  chosen  to  be  the  minimum  solution  and  therefore  to  satisfy:  u^(x)  <  u^(x)  in  ft)  . 
Example  III. 2:  Assume  that  f  satisfies: 


i) 

f  ( 0 ) 

o. 

f'  (0) 

=  1# 

f ( t )  >  0  for  te(0,a) 

ii) 

f(t) 

< 

0, 

for 

t  e 

(a, 8)  (if  a  =•  ?  we  just  assume  f(a)  =  0) 

iii) 

fit) 

> 

0, 

for 

t  e 

I  8.+”) 

and  that  f  satisfies  (1*)#  (3)  and  (7). 

* 

Then  if  X  is  the  infimum  of  all  X  >  0  such  that  there  exists  a  solution  of 

(0.1-X)  less  than  a.  Then  we  have: 

*  * 

* )  0  <  X  <  X^  and  for  X  <  X,  there  exists  a  positive  solution  u1  of  (0.1- X) 

maximum  among  all  positive  solutions  of  ( 0 • 1  —  X )  less  than  a? 

*  * 

*)  If  X  <  X^,  then  for  X  <  X  <  X^,  there  exists  a  second  solution  u2  of  ( 0 -  1  —  X > 

satisfying:  0  <  u2  <  u1  in  ft.  In  addition,  there  exists  a  maximum  positive 

* 

section  of  (0.1-X  ); 

#)  For  all  X  >  0,  there  exists  a  positive  solution  u^  of  (0.1-X)  satisfying 

max  u^  >  B 

ft 

Indeed  this  is  just  the  combination  of  Theorem  1.4  and  Theorem  III.1.  (We  could  also 
combine  Theorem  I .  *?  and  Theorem  III.1  -  see  also  the  bifurcation  diagrams  below.) 

Proof  of  Theorem  III.1:  We  are  going  to  use  a  topoloqical  degree  argument  and  we  will 
again  use  the  notations  ot  the  nroofs  of  Theorems  II.  1  (or  1.2).  .^inep  we  are  interested 


only  in  positive  solutions  we  may  assume 


f(t)  -  f(t+)  for  all  t  e  R  . 

We  choose  C  >  0,  large  enough,  p  >  0,  the  ball  B  and  the  compact  map  K  as  in  the 
proo  '  of  Theorem  II. 1. 

We  already  know  that  d(I-K,  B,  0)  =  0. 

We  finally  define  £?  =  {u  e  B,  u(x)  <  8  in  ft}.  Since  f(  g)  “0  it  is  clear  that 
K  mans  0  into  0  and  since  0  is  convex,  in  the  same  way  as  in  the  proof  of  Theorem 
II. 1,  this  implies:  d(I-K,  0,  0)  «  1.  Therefore  we  have 

d ( I-K,  B-0,  0)  -  1 

and  this  means  that  there  exists  a  solution  of  (0.1)  (with  f(t)  replaced  by  f(t+)  thus 

positive  satisfying:  max  u  >  8  -  indeed  remark  that  the  case  max  u  »  8  is  ruled  out  by 
ft  SI 

the  strong  maximum  principle. 

We  now  turn  to  another  type  of  results:  we  consider  the  case  when  f  satisfies: 

(19)  y  >  0  >  0  such  that  f ( 8)  =  0;  f(t)  <  0,  for  t  e  ($,y)  (if  8  *  Y<  this 
assumption  is  not  needed); 

(IS'llim  f(t)t  1  =  0  and  f(t)  >  0  for  t  >  y  (resp.  f( 6)  ■  0  for  some  6  >  y)  ; 
t 

c 

(20)  /  f(s)ds  >  0,  for  some  £  >  8  (resp.  for  some  S  >  c  >  8); 

8 

and  of  course  f(0)  >0. 

We  want  to  show  how  this  implies  the  existence  for  X  large  enough  of  two  solutions 

u^  of  (0.1-A)  such  that  0  <  u1  <  Uj  in  ft  and  max  u^  >  y  (resp.  5  >  max  u^  >  y). 

ft  ft  1  . 

Theorem  III* 2:  We  assume  that  f  satisfies  (19),  (15'),  (20)  and  f(0)  >  0.  Let  A  be 

the  lnfimum  of  all  A  >  0  such  that  there  exits  a  solution  u  ( 0 . 1 -  A )  satisfying 

* 

max  u  >  0  ( resp.  6  >  max  u  >  0).  Then  A  is  finite  and  positive.  If  ft  Is  star- 

ft  ft 

shaped  we  have 

* 

i)  for  X  >  A  ,  there  exists  a  maximum  positive  solution  u^  o£  (0.1-A)  (resp. 
maximum  among  all  positive  solutions  of  (0.1-A)  less  than  5)  such  that 
max  u^  >  y. 
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ii)  for  X  >  X  ,  there  exists  a  second  solution  Uj  of  (0.1-X)  which  satisfies: 


o  <  Uj  <  ui  u  >  y. 

ft  2 

If  ft  is  not  star-shaped,  i)  is  true  for  X 

larqe 

enough  and  ii) 

is  replaced  by 

iii)  if  there  exists  a  solution  of  (0.1-X) 

such 

that  max  u  >  y 

( resp.  y  <  max  u  <  6 ) 

0  (3 


then  there  exists  a  maximum  positive  solution  jif_  (0.1-X)  (reap,  maximum  among  all 

positive  solutions  of  (0.1-X)  less  than  6)  such  that  max  u  >  y;  and  there  exists  a 
"  ’  . . .  ~  '  ~  SI  1 

second  solution  o£  (0.1-X)  which  satisfies:  0  <  Uj  <  u^  in  S3,  max  u  >  y. 

S3 

Again,  as  in  Theorem  1.5,  we  do  not  know  if  the  assumption  that  S3  is  star-shaped  is 
necessary. 

Remark  III. 3:  Theorm  III. 2  can  be  combined  with  the  results  given  in  sections  1.2  and  II. 2 
to  state  general  existence  results:  indeed  we  already  know  existence  results  for  solutions 
less  than  8  and  Theorem  II I. 2  give  existence  results  for  solutions  whose  maximum  are 
larger  than  8.  Instead  of  giving  examples  like  Examples  III.  1-3,  we  refer  the  reader  to 
the  bifurcation  diagrams  below. 

Remark  II I. 4:  This  result  is  given  in  [10]  (and  extends  a  more  particular,  previous  result 

» 

of  K.  J.  Brown  and  H.  Budin  [21]),  where  also  some  estimates  of  X  are  also  obtained. 

Part  i)  of  the  Theorem  is  proved  by  a  straightforward  variational  argument,  while  the  proof 
of  part  ii)  requires  a  topological  degree  argument  somewhat  similar  to  those  made  above. 

We  now  conclude  again  the  section  by  a  brief  list  of  "bifurcation  diagrams”:  let  us 
recall  that  the  remarks  made  on  the  validity  and  optimality  of  these  diagrams  are  still 
valid  for  those  below. 

Case  1 :  ff(0)  =  0;  f 1  ( 0 )  =  1;  f(t)  <  t  for  t  >  0,  t  small:  f(t)  >  0  for  t  e  (0,a) 
Xf(t)  <  0  for  t  e  (a,B);  f(t)  >  0  for  t  >  6;  f  superlinear. 


f  (t) 
(  1  • 


N+2. 
!  ‘  N~ 


u 


1 


X 
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n 


Case  5: 


f(0)  -  0;  f*(0)  =  1;  f(t)  <  t  for  t  >  0,  t  small;  f(t)  >  0  for 
f(t)  <  0  for  t  e  (a, 8)/  f(8)  =  0;  f  sublinear  for  t  >  8* 


Ex  -  :  f(t)  =  t  -  tP  +  -  vtr 

(1  <  p  <  q  <  r,  0  <  v  <<  v  <  ;  1) 

f 

\ 


Case  6: 


f(0)  -  0;  f *  ( 0 )  =  1;  f(t)  >  t  for  t  >  0,  t  small;  f(t)  >  0  for 
f(t)  <  0  for  t  e  (a,6)<  f ( 8 )  =  0;  f  sublinear  for  t  >  8- 


Ex. :  f(t)  -  t  +  tP 

(l<p^q<r<s, 


\ 

\ 

|  Case  7;  f(0)  -  0;  f'(0)  <  0;  f(a)  =  0,  f(t)  <  0  for  t  e  (u,8),  f(8)  =  0;  f 

'  for  t  >  8  • 
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t  6  ( 0  ,  ot ) 


t  e  (0,a) 


subl i near 


III. 2.  Bumps  and  the  shape  of  the  nonlinearity! 

We  want,  in  this  section,  to  show  how  bumps  or  some  "slightly  oscillatory"  shape  of 
the  function  f  may  affect  the  "bifurcation  diagrams"  or  the  multiplicity  results.  Let  us 
describe  in  some  unprecise  way  two  results  we  prove  here:  the  nonlinearity  f£(t)  will 
depend  on  a  parameter  £  e  [0,1]  and  in  the  figures  below  we  present  both  the  shape  of 


0  <  u^  <  ij}  SI .  Now,  if  we  assume  there  exist  0<X^<\<+®  such  that  for 

X  e  (A  ,A  I  u  /  u  ,  and  lim  +  u  <  lira  i  u  ,  then,  for  all  X  e  (X  ,A  )  there  exists 
1  2  A  A  ytX  U  UiX  U  12 

a  third  solution  u^  of  ( 0 - 1 — X  )  such  that: 

0<u^<u^<u^  i_n  Si 

We  now  apply  this  theorem  on  the  setting  of  Example  2. 

Corollary  III .  1 :  Let  (  f^  ( t)  )£e  ^  be  a  family  of  locally  Lipschitz  functions  from  R 

into  R.  satisfying 


0  <  f  ( t)  for  te  [0,1),  f  <1)  =0  ; 

£  -  £ 

fg(t)  >  0  for  t  e  [0,a)  and  t  e  (a,1),  f  ^  ( a )  *  0;  f^(t)  ~  f^St) 

on  [0, ( a-e ) +]  ; 


f  (t)  >  fn(t)  for  t  e  [0,1) 
c  0  - 


I 


*  —  *  — 

Then  there  exists  A  >0,  and  ( resp.  )  for  A  >  A  satisfying:  ( resp.  ) 

is  the  maximum  (resp.  minimum)  solution  less  than  1  of_  ( 0 . 1  -X  )  -  for  f Q  ( t)  -  and 

0  <  u.  <  a  <  max  u.  ,  0  <  u.  <  u.  <  1  in  0  • 

A  q  A  A  A 

On  the  other  hand,  for  all  X  >  0,  there  exists  u.  _  (resp.  u,  )  satisfying:  u, 

"  '  ^  A , £  —A , £  A , £ 

( resp.  ux  £)  is  the  maximum  (resp.  minimum)  solution  less  than  1  (0.1-1)  -  for 


fe(t>  ‘ 

and 

0 

<  u, 
-X,£ 

<  u,  <1 

In  ft  • 

_ 

* 

_ 

Now 

let 

A 

>  A  . 

there  exists 

c  >  o 

such  that  for  £  <  E„  we  have:  u,  ?  u. 

o 

U  A ,  E  A  |  E 

*  — 

for  all 

X  E 

[V 

,X]  . 

And  for  such 

e  and 

A  there  exists  a  third  solution  u,  of 

A  ,  E 

( 0 . 1  —  A ) 

-  for 

f£(t) 

-  satisfying 

o 

A 

lc 

cn 

<  u,  < 

A  ,e 

u.  in  ft 

A  ,e  — 

The  first  part  of  Theorem  III. 3  and  Corollary  III.1  is  deduced  frcm  the  results  of  the 

preceding  sections:  indeed  the  existence  of  u^,  u^  (in  Theorem  III. 3)  and  of  ^ , 

u.  (in  Corollary  III.1)  is  deduced  from  section  II. 2  (this  is  a  standard  application  of 
A  ,  £ 

super  and  subsolutions  arguments  since  0  is  a  subsolution  and  1  is  a  supersolution,  for 

*  — 

example,  in  the  setting  of  Corollary  1 1 1 . 1 ) .  And  the  existence  of  A  ,  u, ,  u^  (in 
Corollary  III.1)  is  deduced  from  section  III.1  (Theorem  III. 2). 

Before  proving  Theorem  III. 3  (that  is  the  existence  of  u^) ,  we  derive  Corollary 
III.1  from  Theorem  III. 3. 

Proof  of  Corollary  IIt.1:  We  first  remark  that  since  f^  are  nonnegative  we  have 
obviously : 

u, ,  u,  ,  u.  ,  u,  are  nonincreasing  with  X  , 

X  — X  A,t  -A,e 

in  addition,  since  f  £  >  f  ,  we  have: 

_  * 

u,  >  u,  for  X  >  0:  u,  1  u,  for  X  >  X 
— X ,  e  —  X  X ,  c  X 

Now,  to  conclude,  we  just  need  to  remark  that  if  A  <  A,  for  c  small  enough  we  have 

— A  e  =  — A’  Indeed,  if  A  <  A 

max  u.  <  max  u_  =  a_  <  a  <  max  u  t  . 

(2  n  ~X  X  M  A 
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Therefore  for  e  a  -  a_,  u__  is  also  a  solution  of  (0.1-X)  for  f  (t)  but#  since  we 
XX  e 

already  know  that  u.  >  u,  and  that  u,  is  the  minimum  solution#  we  conclude: 

— X,e  — X  — X , c 

—A  e  *  — X  ^°r  ^  *  X,  e  small  enough. 

Proof  of  Theorem  III. 3:  As  remarked  above#  we  already  know  the  existence  of 

u^  and  of  u^/  in  addition  we  know  that  u^  and  u^  increase  with  X.  We  now  assume 

that  for  X  e  l^j*X  J  ^  and  let  X  6  To  Prove  ©x*stence  of  the  third 

solution  we  are  going  to  use  a  topological  degree  argument.  To  simplify,  we  will  assume 

that  there  exists  a  >  0  such  that  f(a)  *  0. 

Let  us  first  introduce  a  few  notations:  first  we  replace  f(t)  by  f ( t )  defined  by: 

f(t)  *  f ( 0 )  if  t  <  0,  f(t)  =  f(t)  for  t  e  10, a] ,  f(t)  =  0  for  t  >  a.  Let  u  >  0  be 

such  that  Af(t)  +  ut  is  nondecreasing,  for  X  e  [X^X^J.  We  now  introduce  a  cmpact  map 

K  from  C^fft)  into  cj(ft):  for  u  in  ,  v  =  Ku  is  defined  by 

-Av  +  uv  =  Xf(u)  +  uu  in  ft,  v  e  C^(ft),  v  =  0  on  3ft  . 

Remark  there  exists  C  >  0  such  that  I Ku N  <  C#  for  all  u  in  C.!(ft)  satisfying 

C  (ft) 

0  *  u  *  a  in  ft. 

We  next  define  three  open  sets: 

I  *  (uGc|(ft),  0  <  u  <  cc  m  ft#  <0  on  5ft#  Hu  I  ,  <  C} 

0  3n  c\«) 

J  =  {u  e  (ii ) ,  u.  <  u  <  a  in  il ,  ^  (u,  )  on  3fi,  Kul  <  C} 

0  X,  3n  3n  c\o> 

J  =  {u  e  c'(l2),  0  <  u  <  u.  in  Si,  0  >  >-j—  f  u,  )  on  3Si,  lul  <  c}  . 

0  -X2  3n  3n  c1^) 

If  J  J  /  P ,  then  necessarily  u.  <  u.  in  ft.  Since  we  assume  lim  t  u.  4  lim  4  u 

X1  "X2  utX  X  MU  ^ 

and  since  we  may  take  as  near  ^  as  we  want»  we  see  that  we  may  assume 

J  J  =  0. 

We  are  going  to  prove  that  the  following  degreees  exist  and  are  equal  to  d( I-K, 1,0)  = 
d( I-K, J,0 )  =  d ( I -K , J # 0 )  =  1.  This  is  quite  obvious  since  K  maps  I#  J,  J  into  I,  J#  J 
and  since  I#  J#  J  are  convex.  Therefore  we  deduce 

d(  I-K,  I  -  (J  J),  0)  =  d( I-K# I , 0 )  -  d(  I-K#  J  #  0  )  -  d(I-K,J#0)  =  -1 
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and  this  implies  there  exists  a  solution  u^  of  (0*1  —A )  which  lies  in  I  -  (J  n  J). 
Since  u^  lies  in  J  and  lies  in  J,  we  obtain  a  third  solution  as  stated  in 

Theorem  III.3. 

Remark  III. 5;  In  Corollary  111.1/  we  may  replace  the  assumption  f^(t)  =  fQ(t)  on 
[0,(a-e)+]  by: 

f£(t)  ♦  fg(t)  uniformly  for  t  €  [ 0,a J  . 

Then  in  the  proof,  we  need  to  use  a  variational  argument  in  order  to  prove  that 

*  _ 

max  u  <  a  for  X  e  [X  ,X]  and  for  e  <  e  . 

u  'e 

We  now  turn  to  a  result  concerning  the  Example  III.1:  for  the  sake  of  simplicity,  we 
are  not  going  to  state  an  abstract  result  like  Theorem  III.1,  but  instead  we  give  directly 
a  result  similar  to  Corollary  III.1.  Let  us  first  state  a  few  assumptions  we  are  going  to 
need:  let  (f  (t))  .  be  a  family  uniformly  (in  c >  locally  Lipschitz  functions 

£  £6 [ U , I J 

satisfying 

f^(0)  *  0,  f^(0)  exists  and  f^(0)  *  0,  f£(t)  >  0  for  t>  0, 

f  (t)  >  f  (t)  for  t  >  0  ? 

(21) 


fQ(t)  >  0  for  t  e  (0,a)  and  t  e  (0,+°°),  f  Q  ( ct )  =  0; 

f£(t)  =  fQ(t)  for  t  e  [ 0 , (a-c ) +] 


and 

(22) 


(23) 


lim  fg(t)t  1  *  +°°  ? 

t+ 

lim  f  (t)t  ^  =  o#  uniformly  in  e  e  (0,1] 

t-*+“> 


(if  N  =  1 ,  we  do  not  need  this  assumption). 

We  assume  here  (23)  only  to  simplify  our  setting  (this  assumption  is  used  in  order  to 
obtain  a  priori  estimates).  We  may  now  state  our  result. 
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Proposition  III. Is  Under  assumptions  (21)  -  (23)  on  (f  (t))  _  there  exists 

- e -  - e -  -  t  z€{0 ,  t  ] - 

*  12  *  i 

X  >  0,  and  ( for  X  >  X  )  satisfying:  is  a  positive  solution  of  (0,1 -A) 

2 

( for  fg(t))  less  than  a  and  is  the  maximum  solution  among  all  solutions  less  than 

—  * 

a.  In  addition/  let  A  >  A  #  then  there  exists  >  0  such  that  for  any  e  <  and 

*  —  i 

for  any  X  e  (X  #X),  u,  (i  »  1#2)  are  also  solutions  of  (0.1-X)  for  f  (t)  and  in 
-  A  - - -  -  E  - 

addition  there  exists  a  third  solution  u^  of  (0.1-X)  ( for  f^(t))  satisfying: 

max  u.  >  a, 

ft  A 

Proof  of  Proposition  III.1:  The  first  part  of  Proposition  III.1  is  deduced  from  Theorem 

2  —  * 

1.5.  In  addition  we  know  that  is  increasing  with  respect  to  X.  Now  let  X  >  X  be 

*  — 

fixed#  we  have  for  X  e  [A  ,  ■’ 

2  .  2 

max  <  max  u_  -  a  <  a  . 

ft  ft  X 

n— a 1  *  — 

Now#  let  us  choose  =  — —  A  1.  It  is  clear  that  for  e  *  and  for  X  e  (X  ,A), 

u*  (i  =  1,2)  are  solutions  of  (0.1-X)  for  f£(t).  And  we  are  going  to  prove  the 

existence  of  a  third  solution  by  a  topological  degree  argument. 

We  first  introduce  a  few  notations:  we  replace  f  ( t)  by  f  (t+)  =  f  (t)  and  we 

e  c  e 

—  *  _ 
choose  p  >  0  such  that  X  f  ^ ( t: )  +  pt  is  nondecreasing  for  t  <  a  and  for  X  e  (X  ,  X]  . 

We  next  define  a  compact  map  from  C^(ft)  into  C^(ft):  for  u  in  C^(ft)#  u  =  v 

is  defined  by 

~  2  — 

-Av  ♦  uv  =  A  f^(u)  +  pu  in  ft#  v  e  C  (ft)#  v  =  0  on  3ft 

We  finally  choose  C  large  enough  such  that#  in  particular#  all  solutions  of  (0.1-X)  for 

f£(t)  (e  e  [0,1))  are  bounded  by  C  in  the  space  C  (ft)  -  this  is  possible  because  of 

the  assumptions  (22)  -  (23)  which  imply#  in  view  of  [191  ,  the  a  priori  bounds. 

We  now  define  two  open  sets: 

B  *  {u  e  cSft )  ,  II  uB  1  <  C} 

C  (ft) 


t  ,  ,  u+a '  — . 

I  =  iu  S  B,  -1  <  u  <  — —  m  iij 
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As  in  the  proof  of  Theorem  1.2,  we  can  prove  that  d(I-K,B,0)  exists  and  is  equal  to: 
dtl-K^.ByO)  =  0. 

We  want  to  prove  now  that  dd-K£,0,0)  is  well-defined  and  is  equal  to  1.  Indeed  if  it 
were  not  defined,  this  would  imply  the  existence  of  a  solution  u  of  (0.1-A)  for  f  ( t) 

satisfying:  0  <  u  <  in  ft  and  max  u  =  ■ .  Since  f  (t)  =  f(t)  for 

^  ,  ft  2  E 

a+a 1 

t  e  [0,  — — — ],  if  £  <  Eg,  u  is  also  a  solution  of  (0.1-A)  for  fgft)  but 

2  2 

max  u  >  max  u.  and  this  is  impossible  since  u,  is  the  maximum  solution  (among  solutions 
ft  ft  A 

less  than  a).  Therefore  d(I-K  ,0,0)  is  well-defined  for  e  <  e  and  the  argument  given 

G  0 

above  shows:  d(I-K^,(),0>  =  dd-K^.O/O),  for  0  <  e  <  eq.  Next,  we  remark  that  all 

solutions  less  than  a  of  (0.1-A)  for  fQ(t)  satisfy 

,  2  g+a' 

max  u  <  max  u,  =  a*  <  — —  <  a  . 

ft  ft  A  2 

Therefore  if  J  =  {u  e  B,  -1  <  u  <  a  in  ft} ,  we  have: 

d(l-K0,J-5,0)  =  0. 

And  we  deduce  dd-K.^,0,0)  =  d(I-K0>J,0),  for  0  <  E  <  eq.  But  KQ  maps  .  into  J 
and  J  is  convex  and  this  implies  (see  similar  arguments  given  in  the  preceding  sections): 
d(I-K0,J,0)  =  +1. 

Hence 

dd-K  ,  B-0 , 0  }  =  dd-K  ,B,  0 )  -  d(I-K  ,0,0) 

C  EE 

=  -d(I-K  ,J,0>  =  -1  • 

And  we  are  able  to  conclude. 

Remark  III. 6:  We  want  to  conclude  this  section  by  remarking  the  two  examples  given  above 
and  the  results  we  have  proved  are  only  examples  of  a  general  feature:  in  particular  one 
can  build  other  examples  by  changing  the  behavior  of  f  near  0.  The  general  feature  is 
that  large  bumps  in  the  shape  of  the  nonlinearity  may  create  two  bending  points  ( as  in 
Figure  3  in  Examples  III.1  and  III. 2)  and  we  could  combine  the  arguments  given  above  with 
the  results  of  sections  I,  II  and  II1.1. 
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IV.  Variants  and  open  questions: 
IV. 1:  Unbounded  domains. 


We  are  still  concerned  with  the  problem  (0.1)  but  we  assume  that  SI  is  unbounded 
and  hence  we  consider  the  problem: 

-Au  =  f(u)  in  SI,  u  e  C2({ i),  u  >  0  in  52 

(24) 

u  =  0  on  352,  u(x)  +0  as  |x|  +  +“,  *  e  SI 

In  some  cases  this  problem  is  more  complicated  than  the  one  considered  in  the  preceding 
sections  since  in  view  of  the  results  of  M.  J.  Esteban  and  P.  L.  Lions  [27],  [28]  the 
geometry  of  S2  seems  to  play  an  essential  role.  Let  us  recall  a  result  taken  from  [27] 
(the  proof  is  based  on  an  extension  of  a  powerful  identity  due  to  S.  Pohozaev  [51]): 
Theorem  IV. 1:  Let  f(t)  be  locally  Lipschitz  from  R  into  R  and  suppose  that 

f(0)  =  0.  If  wg  assume  that  S2  satisfies 
N 

(25)  3x£R«lxl  =  1  such  that  n(x)  *x>0  on  3S2  and 

n(x)  •  x  fe  0  on  3S2  . 

Then,  if  u  satisfies 

f-Au  »  f(u)  i_n  S2,  u  =  0  on  3S2,  u  e  L  C 52  n  Br)  R  <  « 

7u  e  L2(S2),  F(u)  S  L1  (52) 

where  F(t)  -  jjj  f(s)ds,  necessarily  we  have 

u  =  0 

Very  few  existence  results  for  (24)  are  known  except  in  the  case  when  ft  =  R  (or 
when  ft  is  a  band  (16)):  in  this  case  a  nearly  optimal  existence  result  is  given  in  H. 
Berestycki  and  P.  L.  Lions  (7)  (see  also  (11),  (12),  [14])  which  we  recall  here: 

Theorem  IV. 2:  Let  N  >  3  and  let  f  be  a  continuous  function  from  R+  into  R 
satisfying  f(0)  =  0  and 
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Remark  IV. 1 ;  Under  quite  general  assumptions  it  is  known  (see  B.  Gidas,  Wei-Ming  Ni, 

L.  Nirenberg  (32],  [33])  that  any  positive  solution  of  (29)  is  necessarily  radial  (up  to  a 
translation,  of  course).  In  addition  some  results  conerning  the  uniqueness  or  the  non 
uniqueness  of  the  positive  radial  solution  are  known  (see  [50],  [46],  [13]). 

Remark  IV.  2:  Theorem  IV. 2  extends  some  particular  results  proved  bv  C.  V.  Coffman  [22], 
Ryder  [54],  Nehari  [48],  M.  S.  Berqer  [15],  W.  Strauss  [55]  and  Coleman,  Glazer  and  Martin 
[23]  . 
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IV.  2 


Open  questions: 


We  now  conclude  with  a  list  of  open  questions 

(a>  the  main  open  question  concerning  the  problem  considered  here  is  the  proof  of  a  priori 
bounds  of  solutions  u  of  (0.1)  where  f  satisfies  only 

lim  f(t)t-1  >  X  ,  lim  f(t)t“,N+2,/(N“2)  =  o  (for  N  >  3)  . 

t-**00 

The  best  result  in  this  direction  is  given  in  [30]  (see  also  [19]  and  B.  Gidas  and 
J.  Spruck  [34]). 


(b) 

it  is  known  that,  if 

ft  is  star-shaped,  there  is 

no  solution  of  (0.1) 

if 

f(t) 

*=  t*5  and 

N+2 

P  *  5^2 

(for  N  >  3).  On 

the  other  hand,  it  is  very  easy  to  realize  that 

if 

ft  is  ring 

shaped  ( ft 

=  { |xl  e  (a ,b ) } ) 

then  (0.1) 

has  a  solution  for 

f(t>  =  cP 

and 

1  <  p  <  00. 

It  would 

be  interesting  to 

understand 

the  relation  between 

the  geometry  of 

ft  and  the  existence  of  solutions  of  (0.1)  for  supercritical  nonlinearities  (some  related 
results  are  given  in  J.  Hempel  [35]  and  in  H.  Brezis  and  L.  Nirenberg  [18]). 

(c)  an  important  question  for  applications  is  to  extend  the  results  concerning  (0.1)  to 
systems  of  the  type 

2  — 

-Au.  =  f,(u„,...,u  )  in  ft,  u .  e  C  (ft),  u.  >  0  in  ft,  u .  =  0  on  3ft 

l  l  1  m  i  i  l 

Very  few  results  are  known  for  such  systems. 

(d)  a  few  qualitative  properties  of  solutions  (0.1)  are  known:  symmetry  properties 
(B.  Gidas,  Wei-Minq  Ni  and  L.  Nirenberg  [32],  [33]),  behavior  in  the  neighborhood  of 
isolated  singularities  (C.  Loewner  and  L.  Nirenberg  [4Q1 ,  L.  Veron  [56] f  H.  Brezis  and 
L.  Veron  [20],  P.  L.  Lions  [43],  B.  Gidas  and  J.  Spruck  [34]).  A  natural  question 
which  remains  open  is  to  deduce  whether  solution  u  of  (0.1)  in  convex  domains  have 
convex  level  sets  (i.e.  {u  >  t}  is  convex).  In  a  very  special  case 

(f(t)  =  At  -  gt^,  A,g  >  0,  p  >  1)  this  is  proved  in  P.  L.  Lions  [441  (actually  it  is 
proved  that  u  is  log  concave,  which  implies  in  particular  the  convexity  of  level 
sets ) . 
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f 


(e)  it  would  be  interesting  to  understand  the  relation  between  the  geometry  of  ft  and  the 
existence  (or  non  existence)  of  solutions  of  (0.1)  when  ft  is  unbounded  (see 
section  IV. 1  above). 

(f)  a  difficult  question  concerns  the  uniqueness  problem  for  (0.1)  or  to  prove  exact 
multiplicity  results:  very  few  are  known  (see  the  references  in  the  sections  above) 

( g)  related  problems  concern  the  existence  of  solutions  u  of 

2  - 

-Au  “  f(x,u)  in  ft,  u  e  C  (ft),  u  =  0  on  3ft  j 
with  non  constant  siqn  and  where  f(x,0)  £  0.  A  lot  of  partial  results  are  known  and 
we  do  not  want  tc  give  any  references,  but  at  the  moment  there  is  no  general 
understanding  o*  this  question.  Let  us  also  remark  that  this  seems  to  be  more  a 
challenging  mathematical  question  than  a  question  important  for  applications  since  in 
most  of  the  applications  where  such  problems  arise,  u  represents  a  concentration  or 
a  temperature  or  a  density  and  thus  has  to  be  nonnegative  (and  thus  the  problem 
reduces  to  (0.1)). 

(h)  a  totally  formal  way  of  guessing  how  looks  the  bifurcation  diagram  of  solutions  of 

( 0 . 1  -  X )  Is  to  replace  the  operator  -Au  by  A^u  (and  (0.1-A)  reduces  to  a  simple 
equation  »  \f(t)).  This  often  gives  a  good  qualitative  account  of  the  solutions 

set  but  it  may  be  completely  false  as  the  following  example  show:  take  f(u)  =  eu, 
ft  ■  netball),  3  <  N  <  »  since  in  this  case  there  exists  Ag  >  0  such  that  ( 0 . 1  —  AQ  ) 
has  infinitely  many  solutions  (see  (3<31  )  while  the  equation  A^t  =  Aefc  has  at  most 
two  solutions. 

It  would  be  interesting  to  show  a  more  rigorous  connection  between  (0.1  -  A)  and  the 
equation  A^ t  »  Af(t).  Remark  also  that  in  the  case  of  Neumann  boundary  conditions 
( A1  =0)  this  simple  equation  just  gives  all  constant  solutions  of  (0.1  -  A). 
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